14  Descriptive statistics

Daniel Ezra Johnson

1 Introduction
When we have a small amount of data, we can avoid statistics com-
pletely. In such cases, we can inspect and discuss each and every observation or
data point. For example, if we measured the fundamental frequencies (FO) of thr?e
siblings’ speech, we might observe that Betty’s voice was 25 Hz lowz?r than Sue’s,
but 100 Hz higher than Frank’s. It would probably be uninteresting to.report
a statistic like the average pitch of the family. With a larger datasgt, like FO
measurements taken from 1,000 men and 1,000 women, the situation' 1s‘reversefi.
It is no longer possible to discuss each data point individually, anFl while it can still
be useful to make graphs that display every observation, we will usually Vbe less
interested in individual points and more interested in the patterns or trends formed
by groups of points. . -

This is where descriptive statistics come in. Descriptive statlstl‘cs gen.erally
constitute the second step in a quantitative analysis. The first step is to display
the data in a tabular or graphical format, using a histogram, bar chart, scatterplot,
cross-tabulation, or other method. This will reveal any peculiarities of the data
that will shape further analysis. For example, a severely skcw_ed dataset may
motivate a transformation, or the use of non-parametric statistics. Thf: second
step is the descriptive statistics themselves, which distill tl.1e complexities of tl.1e
data down to a small, manageable set of numbers, abstracting away from detal!s
(and noise) in order to describe the basic overall propgrtie§ of the data. This
process can suggest the answers to existing questions or inspire new hypotheses
to be tested. o

So if we take a single variable like voice pitch, we can talk about its dlsmbutxgn
(are all pitches equally common or are there one or more .“peaks” at certal,n
frequencies?), its central tendency (what is the most typlca¥ pltf:h for a woman’s
voice?), its dispersion (how much do men’s voices vary in pitch?), as well as
higher-order properties like skewness and kurtosis. If we take m{o vanable_s at
once, we can report on their association or correlation (e.g., what is the relation-
ship between voice pitch and the age of the speaker?).

Descriptive statistics describe samples of data, but they d.o not attempt_ to
answer questions (make inferences) about the larger populations from which
the samples are drawn. So if we measured the pitch of twenty English speakfars
and twenty German speakers, descriptive statistics might tell us that the English
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sample had an average FO that was 10 Hz higher than the German sample. If we
wanted to know what to make of this result — in particular, whether the differ-
ence could be due to mere chance (sampling error) ~ we could perform a
statistical test called a #-fest. But in doing so, we would be leaving the domain
of descriptive statistics and entering the realm of inferential statistics
(Chapter 15).

Different types of variables often call for distinct statistical methods; these are
discussed in Section 2. Data distributions are covered in Section 3, and the
following three sections discuss how to describe distributions: beginning with
measures of central tendency or “averages” in Section 4, continuing with meas-
ures of dispersion or “spread” in Section 5, and concluding in Section 6 with
higher-order descriptive statistics. In Section 7, we discuss how to quantify the
extent to which variables relate to one another: association and correlation. Since
the chapter will have been concerned primarily with continuous, numeric varia-
bles up to this point, Section 8 turns its attention to descriptive statistics for
categorical variables. The chapter concludes with Section 9.

The most basic descriptive statistic of all refers to the type of variable
under consideration. Until we identify the type of variable, we do not know which
other statistics are appropriate to apply. Linguistic variables, collected through

- acoustic analysis, impressionistic judgment, experimental measurement, ques-
- tionnaire categories, counting within corpora, and more, run the gamut of variable

types.
The most fundamental division here is between continuous and categorical
variables. Continuous variables are numeric measurements that can theoreti-

 cally take on any value, or at least any value within a certain range. FO is an

example of a continuous variable; in principle it can take on any positive value,
even though in practice no one has a mean FO of 5 Hz or 500 Hz. Formant
measurements, reaction times, and lexical frequencies are other examples of
continuous variables. For truly continuous variables, no two observations are

~ever identical. However, we can sometimes treat more granular numeric varia-
- bles, like frequency counts, ratings on a scale, or values that have been rounded,

as if they were continuous. Continuous variables are the input to linear regres-

sion (see Chapter 16).

It is sometimes important to distinguish between inferval-scale and ratio-scale
continuous variables. Interval-scale variables do not have a natural zero point, so it
is meaningless to perform multiplication, division, and certain other mathematical
and statistical operations. For example, on the Fahrenheit scale, it is not mean-
ingful to take a ratio of temperatures, and say that 80 degrees is twice as hot as
40 degrees. However, we can compare intervals, and say that an increase of
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20 degrees is twice as large as an increase of 10 degrees. On the Kelvin scale,
though, where absolute zero is defined meaningfully, not only can we compare
intervals, but we can also take ratios. For example, we can indeed say that 400 K is
twice as hot as 200 K. Here and throughout this chapter, we will sometimes
employ non-linguistic examples in order to make concepts or arguments clearer.
Here, we have shown how interval-scale and ratio-scale variables can measure
temperature, with the difference lying in the choice of a relatively non-meaningful
(Fahrenheit) vs meaningful (Kelvin) zero point. A related issue arises when we use
a subject’s date of birth as an independent variable. We could use “1900,” “1925,”
“1950,” “1975,” or “0,” “25,” “50,” “75” for the same four speakers, and while the
means will be interconvertible and the standard deviations will not change, the
second approach gives more useful coefficients in regression, since we will not be
making any predictions about 0 A.D.

Unlike continuous variables, categorical variables have values that fall into
two or more distinct categories, rather than having a range of intermediate
possibilities. If there are more than two categories, we can make a distinction
between ordinal and nominal variables. For ordinal variables, the categories
have a natural order; the categories of nominal variables have no natural order.
Classic examples of ordinal sociolinguistic variables are the contraction and
deletion of the African-American English copula (ke is tall, he s tall, he tall) and
the lenition of coda /s/ in Spanish, first to [h] and then to zero (los libros, loh
libroh, lo libro). Examples of nominal variables are the alternation among that,
which, and zero in introducing a relative clause (the cake that I prefer, the cake
which I prefer, the cake I prefer), or whether a quotation is introduced with say,
go, be like, or some other variant. In these cases, there is no obvious ordering of
the possibilities.

If there are only two categories, then we are dealing with a binary (or dichot-
omous) variable. This type of variable is very common in linguistics, in both
phonology and syntax. Binary variables can involve the presence vs absence of
some element (e.g., the word-final coronal stop in last chance or the negative ne in
French). More generally, binary variables can capture any alternation between two
possibilities, as in the (ing) variable (gone fishing vs gone fishin’), the dative
alternation (he gave John the book vs he gave the book to John), or the particle
alternation (she took out the trash vs she took the trash out). Binary variables are
the usual input to logistic regression (Chapter 16).

In this chapter, we will mainly discuss descriptive statistics as applied to
continuous variables. We will cover descriptive statistics for categorical variables,
including binary variables, in Section 8.

i3 Distributions

When we have a variable, especially a continuous one, one of the
first things we should do is examine its distribution. The temptation is to skip
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Figure 14.1. Stem-and-leaf plot of daily temperatures for Albuquerque in 2010

ahead to summary statistics like the mean and standard deviation. These do
describe the distribution in an overall way, but as always, a picture is worth a
handful of numbers. A distribution refers to the frequency of the values of a
variable. It asks how often the variable took on particular values as opposed to
others.

This question applies to linguistic variables of whatever sort. Sometimes, the
distribution is expected (or hoped) to fit a particular shape called normal (see
below), enabling the use of more powerful parametric statistics instead of having
to rely on less powerful but equally useful non-parametric statistics.

Suppose our variable is the average daily temperature in Albuquerque in 2010
(ADTA 2011). Naturally, the data consist of 365 measurements. We can display it
in raw form as follows: 30, 35, 36, 33, 34, .. ., 39, 40, 35, 37, 22 (this only shows
the first five and the last five days of the year). This format is not very useful. If we

- were interested in 2010 for its own sake, we might want to make a plot of
- temperature against time, showing how the temperature changed over the course

of th'e year (very roughly speaking, it went up and then down!). This would be one
version of a bivariate (two-variable) distribution. But if we are more interested in

- how 2019 measures up against other years, then we want to describe the uni-
_ variate distribution of the 2010 data. For example, we might want.to know how

many days were below 30 degrees. (Four.) And how many days were above 90
degrees. (None.)

The stem-and-leaf plot, popularized by Tukey (1977), is one way of showing a

: univa}riate distribution. For the 2010 Albuquerque temperatures, if we divide the
_ data into 10-degree ranges, we obtain the stem-and-leaf plot in Figure 14.1.

Each temperature is split up into a “stem” and a “leaf” — for example, 29 is split

 into 2 (shown on the left) and 9 (shown on the right). The plot shows that there
_ were 4 days in the 20s (22, 25, 29, 29), and that there were more days in the 40s
- and 70s than in the 50s and 60s, and so on. Once you know how to read it, a stem-
‘ and-leaf plot is more immediately revealing than a conventional table of frequen-

cies, such as Table 14.1. The table shows absolute frequency (number of days in

_each temperature range) and relative frequency, the latter expressed as a percent-
_age (.nu.mber of days in each range divided by the total number of days, 365,
- multiplied by 100). Annual temperature data have a fixed denominator of 365 (or

366), bu.t if we were going to compare distributions with different N (the total
number in a distribution is usually called N) then the relative frequency is much
more useful.

71 00000111111222222222223333333333333444444444445555555555555566666666666777777778888888888 9999999
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Table 14.1 Frequency table of daily temperatures for Albugquerque in

2010
Relative freq.

Temperature range Absolute freq. (days) (100 * days/365)
20-29 4 1%
30-39 54 15%
40-49 82 22%
50-59 45 12%
60-69 50 14%
70-79 96 26%
80-89 34 9%

The most common way to display a univariate distribution of a continuous
variable is neither a stem-and-leaf plot nor a frequency table. It is the type of
graph that Pearson (1895) called a histogram. A histogram is a kind of bar chart
(sometimes called a column chart, since the bars are vertical), with the value of the
variable shown on the x-axis and its frequency shown on the y-axis. We must break
the continuous x-axis into categories called bins, as we have already been doing.
The bins can be of any width, although the histogram gives less useful information if
they are too wide or too narrow. Figure 14.2 is a histogram of the Albuquerque

" temperature data. Note that the histogram is essentially an upright stem-and-leaf
plot, minus the detailed information about the exact temperatures. The height of
each bar is equal to the number of days where the average temperature fell into that
bin. We see that the distribution has peaks in the 40s and 70s, as noted earlier.
Distributions with two peaks are called bimodal (a frequency peak is called a mode;
see Section 3). We also see that there are no outliers, that is to say, no days where the
temperature was noticeably higher or lower than any other day. This distribution is
not noticeably skewed to the left or to the right. If there had been a few days with
temperatures in the 10s, a few in the Os, and 1 or 2 days below zero, that would be a
left-skewed distribution: a distribution with a long left tail. Similarly, if there were a
long right tail, that would be called a right-skewed distribution (see Section 6).

In reporting linguistic research, distributional plots should be used more often
than they are. They can be used in two main ways: at the outset of analysis, to
reveal the shape of the data (and at the same time, revealing what simplifications or
distortions are involved with taking means, standard deviations, etc.); or applied at
the end, to the residuals (or error terms) of a linguistic model, to verify that the
variation not accounted for by the model is not strongly correlated with any of the
variables in the model, which would indicate a lack of fit of the model.

In Section 1, we discussed vocal pitch of men and women in a hypothetical way.
A real dataset with FO information is the classic Peterson and Barey (1952) study of
American English vowels. Peterson and Barney recorded thirty-three men, twenty-
eight women, and fifteen children reading a set of ten words, twice each. The words
contained a range of vowels, all in the same consonantal environment: heed, hid,
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Figure 14.2. Histogram of 2010 Albuquerque temperatures
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Figure 14.3. Histogram of men's and women s mean F0.
Johnson, based on Peterson and Barney 1952

head, and so on. Taking the mean FO for each adult speaker leads to the histogram of
Figure 14.3, which shows the men in white and the women in grey. As we might
xpect, the distribution of FO in Figure 14.3 is strongly bimodal, with a peak around
125 Hz representing the most typical men and one around 205 Hz representing the
ost typical women. It also looks like both men and women, especially women, have
right-skewed distributions (with longer right tails).
. We can reduce the skew of this data by performing a logarithmic transformation
i-(usually using the natural logarithm, but it does not matter). This makes a great
 deal of sense for FO data, because pitch is perceived logarithmically: doubling the
frequency makes the pitch go up one octave; quadrupling it makes it go up two
octaves. It is therefore natural to log-transform F0 (and arguably higher formant
frequencies as well). We see the result of this transformation in F igure 14.4, where
the male and female distributions are still somewhat right-skewed, but less so.
Besides its natural applicability to pitch data, the log transformation is often
employed to change the distribution of other skewed datasets so that they are
i closer to a normal distribution. Normal (or Gaussian) distributions are a particular
family of bell-shaped curves, as illustrated in Figure 14.5. They are defined by two
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Figure 14.4. Histogram of men’s and women s natural-log-transformed FO.
Johnson, based on Peterson and Barney 1952
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Figure 14.5. Three normal distributions: mean= 0, standard deviations= {0.5, 1, 2}

parameters, the mean and the standard deviation (see Sections 3 and 4 below).
Figure 14.5 shows the standard normal distribution (standard deviation 1) as well
as a narrower normal distribution (standard deviation 0.5) and a wider one (stand-
ard deviation 2). The y-axis is probability density; the total area under each curve
is 1. A property of normal distributions is that 95 percent of the values fall between
-1.96 and +1.96 standard deviations from the mean, regardless of what the
standard deviation is. Continuous variables often follow normal distributions
quite naturally, because a large number of factors cause them to vary, and the
sum of a large number of random variables always follows a normal distribution
(this is called the Central Limit Theorem). Other continuous variables — reaction
time measurements being one example — are usually log-transformed to make
them more normal. '

Real data will never be precisely normal, and besides inspecting the data with a
histogram, there are several other ways to estimate how close to normal a dataset
is, including other graphical methods like the quantile-quantile (or Q-Q) plot, and
formal tests like the Shapiro-Wilk test, as discussed in Chapter 15. Parametric
statistics, which require that data be distributed normally or according to some
other probability density function (see Chapter 15), make assumptions about the
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distribution of the data. However, data do not have o be precisely normal in order
to perform most statistical analyses. Methods are called robust to the extent they
can tolerate deviations from assumptions like normality. Non-parametric methods
are a class of robust statistics that make no assumptions about data distribution, so
they can be used with highly skewed data. Non-parametric methods are also often
the most appropriate choice for analyzing ordinal and nominal data.

e Cen-tr_altendenc‘y'

If we needed to describe a variable and could only use a single number,
we would surely report a measure of central tendency. The central tendency is a
“best estimate™ of the value of the variable; different definitions of “best” result in
different measures, such as the mean, median, and mode. It is almost always
essential to calculate central tendency, as it is the principal number that gets
reported for a distribution, or compared between groups.

By far the most commonly used measure of central tendency with continuous
variables is the arithmetic mean, or simply the mean. The arithmetic mean is the
sum of all the values of the variable, divided by N, the number of observations.
The mean is informally called the average, but this term can be ambiguous and

~ should be avoided. When it is appropriate, the calculation of a mean (and the

comparison of means) is the powerhouse of descriptive and parametric statistics.

~ There is also a geometric mean — the Nth root of the product of all the values — best

used when (a) the quantities being compared are on different scales, or (b) when a
logarithmic/exponential relationship exists. For example, the geometric mean of
1,10, and 100 is 10, which depending on the details of the situation may be a more
sensible mid-point than the arithmetic mean of 37. A third type of mean, the
harmonic mean — the reciprocal of the arithmetic mean of the reciprocals of the
values — is often used when the quantities are ratios or rates. So if one travels from

point A to point B at 50 miles per hour, and returns at 100 miles per hour, the

average speed (total distance / total time) is the harmonic mean of 50 and 100, or
66.6 miles per hour (not the arithmetic mean, 75, or the geometric mean, 70.7).

. While there are few clear applications of the harmonic mean in linguistic research,
- note that in the field of pattern recognition, the F1 score is defined as the harmonic

mean of precision and recall.

The median is defined quite differently. If the values of the variable are placed in
order from smallest to largest, the median is the value in the middle. (If N is even,
we take the mean of the two middle values.) Outliers — unusually small or large
values — will affect the mean, but will have little or no effect on the median, so
the median is preferred when large numbers of (valid) outliers exist. Also, if the

 distribution is very skewed (see Section 6), the mean can be misleading. In the
. million-word Brown Corpus of English, there are 45,215 word types, which occur
~ between 1 and 69,836 times each. The mean word frequency is 22, which would

point to words like refund, sphere, and Florida as typical in frequency. But in
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reality only 10 percent of word types are this frequent or more so. On t_hc other
hand, the median word frequency is 2, exemplified by rarer words like kelp,
starchy, and Tchaikovsky. Some 58 percent of word types are this frequent or
more so, showing that the median, not the mean, successfully‘ represe_nts some-
thing like the mid-point of word frequency. In the case of an or.dmal variable, suf:h
as the five-point survey’s popular “strongly agree, agree, neither agree nor dis-
agree, disagree, strongly disagree,” there is no possib{llty of cal.culatmg a mean
response, because we only have information on ordermg., not dlstance,. between
the categories. Ordinal variables therefore call for medians and median-based
statistics, including non-parametric methods. .
The third measure of central tendency is the mode, the most common value in a
distribution. In the Brown Corpus example, the modal frequency for word type
would be 1, since more word types have a frequency of 1 (19,130) than any other
value. A variable always has a single mean and a single median, but it can haye
more than one mode, if more than one value is equally frequent. A varia.ble with
two modes is bimodal, but as we saw above, the term bimodal can be applied more
broadly whenever the frequency distribution has two peaks, even'if they are not
equally frequent. For a nominal variable, with unordered categor'xes (e.g., noun,
verb, adjective, preposition), we cannot establish a mean or a median; the mode is
the only central tendency that is defined. . ’ '
Household income is more tangible than most linguistic variables, and is a
classic way to explore the differences between the mean, median, anfl mode. We
will look at household incomes under $200,000 in the United States in 2009 (US
Census Bureau 2011a). The histogram in Figure 14.6 reveals a right.-skewed
distribution of income (with a longer right tail), and the mean, median, and
mode are labeled. The mean, $57,990, is equal to the total income of _all the
households, divided by the number of households. This answers the question, “If
all the income were redistributed equally among the households, how much would
each household make?” This is an interesting question, but we are usually more
interested in reporting the actual income of a typical household. We can do this
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Figure 14.6. Histogram of 2009 household income, with central tendencies
labeled
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with the median or the mode. The median, $47,500, would be the midpoint of all
the households, if they were sorted by income. In other words, half the households
made less than $47,500 and half made more than $47,500 (besides those that made
$47,500). This answers the question, “What is the income of the middle house-
hold?” The mean is the most commonly used measure of central tendency, but it is
often the median that tells us what we are more interested in knowing, The relative
position of the mean and median is related to skewness (see Section 5). In aright-
skewed distribution, like this one, the mean is usually greater than the median. In a
left-skewed distribution the mean is usually less than the median. The mode is the
income bin with the most households in it; this is $22,500. The mode answers the
question, “If we choose a household at random, what is its income most likely to
- be?” More houscholds made $22,500 than any other amount. Despite the appeal
of the mode, it is rarely reported as a measure of central tendency (and the mode is
~ not necessarily a central value, just the most common value). For household
income, it is most common to report the median.
In linguistics, a common right-tailed distribution is the Zipf’s Law relationship,
- where, in a corpus for example, token frequency is inversely proportional to type
. rank: the most common word occurs twice as often as the second-most-common
- word, and so on. These distributions follow a power law function of the general
- form y = 1/x, where the mean, median, and mode are far apart, a distribution much
. more skewed than any set of acoustic or articulatory measurements are likely to be.
_ As a general rule, we expect repeated measurements to approximate an unskewed
__normal distribution, where the mean, median, and mode are quite close together.
~ Returning to the Albuquerque temperature data, the mean temperature is 58.2
degrees (we can imagine dividing all the degrees equally among all the days). The
median temperature is 58.9 degrees (182 days were colder, 182 were warmer).
And there are two modes: 5 days were 44.8 degrees and 5 days were 74.6 degrees.
For the Peterson and Barney pitch data, the mean of the speaker F0 values (each
- of which is itself a mean of 20 individual observations) is 173 Hz overall, 131 Hz
 for men and 223 Hz for women. The median values are 163 Hz overall, 126 Hz for
men and 223 Hz for women. The generally higher values for the means reflect the
. right-skewed distribution of the untransformed FO data. The male data had two
' modes, as three men had FOs of 122 Hz and three more were at 126 Hz. The female
data had four modes, with two women each at 201, 207, 231, and 252 Hz. Recall
hat for continuous variables, no two values are underlyingly identical, so the
 result for the mode will always depend somewhat on how the values are binned
_(the FO measurements were rounded to the nearest Hz, the temperatures to the
losest 1/10 of a degree; the household incomes were placed in $5,000-wide bins).
The median (like the mode) is relatively immune to the presence of outliers and
~ other extreme values, while the mean is more affected by them. A few unusually
. high values will pull the mean up noticeably, and a few extremely low values will
: ; ‘pull it down. Since such outliers may represent measurement errors or other “bad
- data,” we may prefer to use the median, or a more robust version of the mean such
© as the truncated or Winsorized mean (see Erceg-Hurn and Mirosevich 2008).


































